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Simulation of Unstirred Batch Ultrafiltration System
Based on Analytical Solution of Boundary Layer
Equation

ANIRUDDHA PODDAR, CHIRANJIB BHATTACHARJEE, and
SIDDHARTHA DATTA*

DEPARTMENT OF CHEMICAL ENGINEERING
JADAVPUR UNIVERSITY
CALCUTTA-700 032, INDIA

ABSTRACT

A mass transfer model based on an unsteady-state mass balance over the concen-
tration boundary layer, coupled with diffusive backtransport opposing the ultrafiltrate
flux, has been developed in the present study. Thismodel can be used to simulate flux
and rejection at any desired time in an unstirred batch ultrafiltration module. This
model uses the semi-infinite consideration to solve the governing partial differential
equation by the Laplace transform technique, which gives the analytical solution of
the concentration profile. In the partial differential equation, volumetric flux is as-
sumed to be constant in accordance with pseudosteady-state assumption, often used
in diffusive mass transfer analysis. Once the analytical expression for the concentra-
tion profile has been found, an iterative technique has been used in conjunction with
other membrane and solute properties to predict the flux and rejection at any desired
time under a specified operating condition. Concentration profiles as a function of
time for different experiments are also computed in order to analyze the effect of dif-
ferent operating parameters on the concentration boundary layer. The prediction from
this model is found to be in good agreement with the experimental results obtained
during ultrafiltration of PEG-6000 in an unstirred batch module using a cellul ose ac-
etate membrane of MWCO-5000, and in most cases the variation of concentration
within the boundary layer is found to be limited within a very short distance over the
membrane surface.

* To whom correspondence should be addressed.
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INTRODUCTION

Over the past few decades, ultrafiltration (UF), a pressure-driven mem-
brane process, has emerged as a viable process for the concentration or sep-
aration of moderate to high molecular weight solutes from solution. In ul-
trafiltration, the dispersed phase (i.e., solute) passes less readily through the
membrane than the solvent. The reasons for this may be classified as fol-
lows:

1. The solute may be adsorbed on the surface of the filter and its pore (pri-
mary adsorption).

2. The solute may be retained within the pores (blocking).

3. The solute may be mechanically retained (sieving).

One of the problems found in ultrafiltration is the marked decline of per-
meate flux with time. Thisis mostly attributed to the phenomenon of concen-
tration polarization, the accumulation of the retained solute on the high-pres-
sure side of the membrane surface. This layer of retained solute is an
additional resistance to solvent flow so that the solvent flux is reduced at any
pressure from the ideal level.

Trettin and Doshi (1) developed a theory essentially based on gel layer
formation and proposed an integral model which was an effort for unifica-
tion of macromolecular ultrafiltration theories with classical filtration the-
ory. Thismodel differs substantially from the Shen and Probstein (2) model.
Experiments with unstirred batch cell using BSA solution were performed
to verify this model (3). A summary of governing transport and adsorption
phenomena in porous membrane ducts under isothermal condition is given
in thereview article by Belfort and Nagata (4). Theories based on hypothet-
ical boundary layer (film) or polarized gel layer mainly govern the studies
to date. However, some recent theories like those based on the leaky mem-
brane concept and solute—solute or solute-membrane interaction have
gained importance. The effect of concentration polarization is very detri-
mental from the industrial point of view. Thisis summarized by Aimar and
Sanchez (5). In many membrane separation processes the diffusional phe-
nomenon plays an important rolein the transport mechanism of solutes. Var-
ious mechanisms have been distinguished to describe the transport in the
membranes, transport through bulk material (dense membrane), Knudsen
diffusion in narrow pores, viscous flow in wide pores, or surface diffusion
along pore walls. Models have been derived for al these and are givenin a
review article (6).

A computer simulation to calculate membrane performance data for a rect-
angular glit configuration was discussed by Leburn et al. (7). This was
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achieved by coupling the surface force-pore flow model for membrane trans-
port and the concentration polarization model through a boundary condition.
The resulting differential equations from both the models were solved by afi-
nite difference technique. Recently, very good work in formulating the con-
centration polarization phenomenon was reported by Song and Elimelech (8).
Their model applies to the concentration polarization of noninteracting parti-
clesinacrossflow filtration system. The theory reveals that the extent of con-
centration polarization is characterized by a dimensionless number, called the
filtration number. Thereisacritical value of this number for a given suspen-
sion and operating condition, below which a polarization layer exists directly
over the membrane surface. The wall particle concentration is determined by
pressure and temperature. At a higher filtration number a cake layer of re-
tained particles forms between the polarized layer and the membrane surface.
Mathematical models have been constructed for both cases, and an analytical
solution for permeate flux was derived. The effects of natural convection in-
stability on membrane performance in dead-end and crossflow ultrafiltration
were recently discussed in an interesting manner by Youm et al. (9). A mass
transfer correlation for the mixed convection membrane system was aso pre-
sented. Various works regarding the analysis of masstransfer in the boundary
layer for batch, continuous, and crossflow ultrafiltration and prediction of flux
and rejection have been reported in the literature (10-13). A significant work
regarding modeling of concentration polarization and depolarization with
high frequency backpulsing wasreported by Redkar et al. (14). Recently auni-
fied model for prediction of flux in stirred and unstirred batch ultrafiltration
was also reported (15).

Most of the work reported in the literature is based on some sort of numer-
ical solution of the boundary layer mass transfer process and its associated
phenomenalike gel formation, osmotic pressure development, etc. So far very
little work has been reported in the literature about the analytical solution of
boundary layer partial differential equation, and most of them involve certain
limitations/assumptions. The present work was undertaken in an attempt to
simulate flux and rejection behavior during ultrafiltration of PEG-6000 in an
unstirred batch cell using an asymmetric cellul ose acetate membrane of 5000
MWCO. The main feature of the present work is that an analytical solution of
a governing boundary layer partial differential equation with the pseu-
dosteady-state assumption has been derived. The concentration profile as ob-
tained from the model equation has been coupled with an osmotic pressure
model and irreversible thermodynamicsto predict flux and rejection at any in-
stant under specified operating conditions. The predicted results are found to
be in good agreement with the experimental data, and the observed average
deviation in al casesis found to be within +10%.

MAaRrcEeL DEkkER, INc.
270 Madison Avenue, New York, New York 10016

Copyright © Marcel Dekker, Inc. All rights reserved.

)



Downl oaded At: 11:06 25 January 2011

ORDER | _=*_[Il REPRINTS

2488 PODDAR, BHATTACHARJEE, AND DATTA

THEORY

Estimation of Membrane Surface Concentration and
Characterization of Membrane

The membrane surface concentration has been estimated by using the os-
motic pressure model:

_ AP —cAw

J
rRm

(1)
where Am = m(Cm) — m(Cp).

The membrane hydraulic resistance is estimated through a series of water
runs after allowing for initial compaction. The osmotic pressure of a macro-
molecular solution as a function of concentration is determined by using
Flory’ s equation (16):

RT 1
TV, [ln Y1t (1 - Y)’Yz + Xl"/%} 2

where X = VpMp/ViMy, v2 = clpp, and y1 = 1 — v,. For PEG, p, = 1125
kg/m?®. The value of parameter x, depends on the type of polymer—solvent in-
teraction (x, = 0.45 for PEG) (17).

The viscosity of PEG-6000 in water solution at 25°C can be related to a
polynomial function of concentration in the form (10):

w = (0.85 + 0.01446¢ + 2.734 X 10~ 4 ¢c?
— 4.276 X 10 6¢® + 2.84 X 1076 ¢*/1000.0 (3)

Direct solution of Eg. (1) for ¢, coupled with Eq. (2) was not possible be-
cause the reflection coefficient (o) still has not been determined. The “real”
rejection can be obtained from nonequilibrium thermodynamics (18) with the
help of the following equation:

_ Cp, o(1—F)
R=1 Cm 1-—o0oF ()
whereF = exp{ — (1 — 0)J/P.}.

The membrane parameters, viz., reflection coefficient and solute perme-
ability, have been determined by modification of the scheme outlined by
Nakao and Kimura (18). The iterative technique that has been followed is
given below:

(i) Assumingao vaue, EQ. (1) together with EQ. (2) is solved to determine
the membrane surface concentration.

(i) Ppiscaculated from Eq. (4) for the above-mentioned assumed value of
o, using experimental values of J and c,,. This procedure is followed to
calculate P, values for all the experiments.
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(iii) Standard deviation in the P, values is now calculated, again for the
same assumed value of o.

(iv) In this way, different o values are assumed and the procedure is re-
peated to calculate the standard deviation for all of them. The Fi-
bonacci search technique is used to locate the o value after minimiza-
tion of standard deviation.

(v) Averageof al P, valuesfor different experiments gives the correct so-
lute permeability.

(vi) Usingtheaboveo value, determinedin Step (iv), Step (i) isrepeated and
the ¢, value obtained is checked with the previous one. If the difference
is more than the allowable tolerance, Step (i) to Step (v) is again re-
peated with the new c,, value as obtained from Step (i). This procedure
is continued until convergencein ¢y, is obtained.

Development of the Model Equation

The present study deals with the analytical solution of the parabolic partial
differential equation governing boundary layer mass transfer in the case of an
unstirred batch ultrafiltration module. The pseudosteady-state assumption, as
often used in many diffusive masstransfer problem, isfirst used to get the con-
centration profile. Then this analytical expression, coupled with irreversible
thermodynamics and the osmotic pressure model, is used to simulate flux and
rejection at any time under specified operating conditions.

Unsteady-state mass balance over the concentration boundary layer gives
rise to the following equation:

dc

_ 19C
at_Jaz+D

9%c

— 5
7 ©)
The above equation assumes constant diffusivity and density, and it is

solved by considering the semi-infinite model under the following initial and
boundary conditions:

Att=0,c=c,foral zc(z,0) =¢c, z=0
Atz=0,c=cyforadlt;c(0t)=c,t>0 (6)
Asz- o, c=c,foralt;c(eo,t)=c,t=0

The* pseudosteady-state” assumption is considered, according to which the
volumetric flux and the membrane surface concentration can be assumed to be
constant. Using the L aplace transformation technique Eq. (5) reducesto

de , . de

D= +J

e szé—qzm 7)
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By using the initial condition in Eq. (7), it reducesto
d% |, ,de

DHZ?+J——5@ (8)

Equation (8) isan ordinary differential equation with z asan independent vari-
ableand € asa dependent variable. The solution of the above equation is

e=A exp(az) + B’ exp(B2) + C—; 9

where A’ and B” are constants which are to be evaluated by the boundary con-
ditions (6), and

~ —J-VF+4Ds
«- 2D
isnegative for al values of J and D, whereas
_ —J+ VX +4Ds
B= 2D

ispositive for all values of J and D.
By using the boundary conditions (6) in Eq. (9), it isfound that A’ reduces
to zero and takes the following form:

¢ =B exp(p2) + = (10)
By substituting boundary condition (6) in Eqg. (10), itisfound that B’ = (c,, —
Cp)/s, and hence Eq. (10), reducesto

_ Cm—Cp Jz J? + 4Ds Co
e = exp(— 5D 5D z| + < (11)

By taking theinverse Laplace transform of Eq. (11) and replacing Jz/2D by B,
it can be written as

€= Cp + (Cm — Co) EXp(—B)L ' f(9)] (12)

where

f(s) = —ex( #z)

By taking the inverse Laplace transform of Eq. (13), it can be reduced to the
following form after using the property of the shifting theorem:

f) = eXIO<—— t) LF(s)] (14)

(13)
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where

F(s) = m exp(— \/25 \/§> (15)

Factorizing [s — (J%/4D)] into[V's + (J/Z\/E)] [V's — (.]/2\/5)] and re-
ducing F(s) into partial fractions and then taking the inverse Laplace trans-
form of Eq. (15) and rearranging the solution by using the property of the er-
ror function, the equation takes the form

- ) ‘-
J |t z
exp(B) erf (f ) + ) +
7 1 2V Dt
F(t) = exp| 45 t] | cosh(B) — 5 3
exp(—B) erf(—i\/%Jr . ZDt)

(16)

Putting F(t) in Eqg. (14) and then f(t) in Eq. (12) with the substitution of
(J2)Vt/D asQand z/2VDt as S thefina solution can be written as

exp(B) erf(S+ Q) +
exp(—B) erf(S— Q) }

Simulation of Flux and Rejection

C=0Co+ (Cn— Cp) exp(—B)[cosh(B) — l[ (17)

2

Once the expression for the concentration profile under the pseudosteady-
state assumption has been found, it can be used in conjunction with Egs. (1)
and (4) to predict flux and rgjection at any instant under specified operating
conditions. The following iteration scheme has been suggested:

(i) Att=0,c® =cpandcf = cp, I isfound from Eq. (2).

(i) Attt =1t + At, the concentration profileis evaluated based on previous
valuesof J©, ¢, and ¢ from Eq. (17). The derivative ac/ozat z= 0
and at the present timet can be found either numerically, using the fi-
nite difference formula, or analytically by substituting the infinite se-
ries expression for the error function in Eq. (17).

(iii)  The present value of the volumetric flux isfound from

m___ D (ac
Jm = GO o (az>2=0 (18)

(iv) Theratio c{V/c{y isfound from Eq. (4).
(v) ¢ andcy are solved from Eq. (1) by using the values of c{V/c{.
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(vi) Assigning J®, c¢{?, and ¢ to J©, ¢, and c{?, respectively, al steps
from (ii) are repeated up to any desired time.

EXPERIMENTAL

Unstirred batch cell data generated in this study has been used to test the va-
lidity of the developed model. For the purpose of experimentation, an asym-
metric cellulose acetate membrane of 5000 MWCO with a stainless steel sup-
port having fine pores has been used. The membrane was imported for the
present study directly from Millipore Corporation, Bedford, MA 01730, USA.
The product code of the membraneis Millipore: PLCC 09005. The membrane
used for this study was aflat disk, asymmetric, anisotropic, and hydrophilic in
nature. The diameter of the membrane used in the test cell was 43 mm, and the
effective filtration area was 8.24 X 10~* m?. The original diameter of the
membrane was 90 mm, from which a circular piece of the desired diameter
was cut. The membrane was manufactured from low binding regenerated cel-
lulose acetate. The membraneis capable of withstanding apH range of 2 to 10
with a maximum allowable temperature of 95°C.

Polyethylene glycol-6000 was used as the solute in this study. It was ob-
tained from Sisco Research Laboratories Pvt. Ltd., Bombay, India. The aver-
age molecular weight was 6000 with a polydispersity in the 5000 to 7000
molecular weight range. The concentration levels of the PEG solution used
were 30, 45, and 60 kg/m?3 with pressure levels of 588.6, 490.5, and 392.4 kPa.
Thetotal permeate collection was measured as a function of time with ahigh
precision measuring cylinder. The concentration of PEG was measured by the
viscosity index calibration method, for which an optical refractomer with
accuracies of =0.001 by reading and +0.0001 by eye estimation were used in
the experiments.

The test cell used in this study was fabricated in our workshop without any
stirring facility. The material used for construction was Grade SS316 stainless
steel. The capacity of the test cell was 85 mL, and it was pressurized by a N,
gas cylinder through a pressure regulator. The maximum testing pressure was
1000 kPa. The whole experimental setup wasimmersed in a constant temper-
ature bath at 25°C.

RESULTS AND DISCUSSION

Some care must be taken during the ssmulation of flux and rejection ac-
cording to the iteration scheme described here. Sometimelag isinherent in the
iteration scheme, as suggested above, so it is hecessary to take At sufficiently
small in the iteration process. The predicted values of J and ¢, are found to be
well in agreement with the experimental data for At = 0.1 second. This has
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FIG.1 Variation of solute permeability with time (resultsobtained at 25°C, with R, = 1.00014
X 10* m~1, Reflection coefficient = 0.9615).

been found to be truefor all experimental runsup to At = 5 seconds. Some er-
ratic values may result after that, particularly for high flux data obtained at
higher pressures. For the experimental run at AP = 490.5 kPa, a stable solu-
tion was found even up to At = 10 seconds. But for AP = 588.6 kPa, the so-
lution tends to blow up if At ismore than 5 seconds.

As mentioned earlier, membrane characterization by minimization of the
standard deviation by the Fibonacci search technique was found to give are-
flection coefficient of 0.9615. The solute permeability was obtained as afunc-
tion of time, and its variation with time is shown in Fig. 1. The solute perme-
ability decreases with time mainly because of osmotic pressure buildup. A
decreasein solute permeability may also take place due to the hindrance effect
occurring adjacent to the membrane surface owing to the increased concen-
tration of solute molecules as a function of time—a phenomena associated
with concentration polarization. The reflection coefficient, which isaproperty
of the membrane, was found to be invariant with time.

Figure 2 shows the concentration profile as a function of time for a partic-
ular run under a specified set of operating conditions. Initially, aflat concen-
tration profile exists throughout the region. After the ultrafiltration processis
started, the profile develops very quickly. The concentration near the mem-
brane increases more rapidly compared to the region further away from the
membrane. The figure also shows that the concentration at any point within
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FIG.2 Development of concentration profile with time (results obtained at 25°C, with ¢, = 30
kg/m® and AP = 588.6 kPa. Solute diffusivity = 1.50788 X 10~ 1°m?/s, R,, = 1.00014 x 10
m~1, and o = 0.9615).

the boundary layer increases with time. This is in accordance with the con-
centration polarization phenomenon because astime increases, the sieving ac-
tion of the membrane increases, and this results in an increase of solute con-
centration at all points in the boundary layer. Moreover, the figure also
suggests that the “apparent” boundary layer thickness also increases with
time. Although the boundary layer is assumed to exist over infinite length, the
figure shows that an appreciable change in concentration occurs within ashort
distance from the membrane surface, indicating that the concentration gradi-
ent is very high near the membrane and slowly becomes flat after an “appar-
ent” thickness of the order of 1 mm.

The variation of membrane surface concentration with time at different op-
erating pressures with the bulk concentration remaining constant as shown in
Fig. 3. The membrane surface concentration initially increases very rapidly,
but its rate of increase diminishes with time and after a short span of time al-
most becomesflat. Thisis due to the fact that as time increases the membrane
surface concentration shows a positive trend, resulting in anincreasein the os-
motic pressure differential which opposes the applied pressure differential.
This results in a decrease of the effective driving force, which givesriseto a
retarded volumetric flux and hence to alower solute transportation rate to the
membrane surface. In addition to the above effect, concentration polarization
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FIG. 3 Variation of membrane surface concentration (c,,) with time at different operating

pressures and constant bulk concentration [results obtained at 25°C, with R,, = 1.00014 x 10

m~1, ¢ = 0.9615, and ¢, = 60 kg/m3. Simulated results: (1) 588.6 kPa, (2) 490.5 kPa,
and (3) 392.4 kP4].

increases with the membrane surface concentration, the phenomenon of back-
diffusion becomes more pronounced, and hence the rate of increase in the
membrane surface concentration becomes small. Thefigure also suggests that
the membrane surface concentration shows an increasing effect with pressure.
Asthe pressure increases, the driving force for mass transfer is enhanced and
the solute transportation rate to the surface increases. Thisimpliesthat the re-
jection at the surface is higher and hence the membrane surface concentration
islarger.

Figure 4 shows the variation of the relative permeate flux with time at dif-
ferent bulk concentrations when the applied pressure remains constant. The
decreasing effect of flux with time can be accounted for because as time in-
creases, more solute isrejected, giving rise to a higher negative osmotic pres-
sure gradient over the membrane, resulting in alowering of the effectivedriv-
ing force for transport across the membrane. The figure also shows a
decreasing trend of flux with bulk concentration. As the bulk concentration
increases, more solute is transported to the membrane surface, and a higher
rejection rate results in alarger reverse osmotic pressure gradient and hence
alower effective driving force for mass transfer at a constant applied pres-
sure differential.
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FIG.4 Variation of relative permeate flux (J/J,,) with time at different bulk concentrations (cp)

and constant operating pressure [results obtained at 25°C, with D = 1.50788 X 10~ m%s, R,

= 1.00014 X 10¥m™%, ¢ = 0.9615, and AP = 490.5 kPa. Simulated results: (1) 30 kg/m?, (2)

45 kg/m?®, and (3) 60 kg/m3. Experimenta points: (+) 30 kg/m®, (O) 45 kg/m®, and (X) 60
kg/m?].

The variation of the relative permeate flux as a function of time with dif-
ferent applied pressure differentials and a constant bulk concentration is
shown in Fig. 5. The decline of flux with time is due to osmotic pressure, as
stated earlier. Asthe pressure increases, the flux also increases due to a higher
effective driving force. The increase is much more pronounced at lower time
intervals but becomes sluggish as time increases. At a lower time value, a
higher pressure differential directly increases the effective driving force, re-
sulting in a higher flux. But this also causes the membrane surface concentra-
tion to increase substantially at a longer time, causing the rise in flux with
pressure differential to be somewhat lessthan isto be expected. The smulated
values are also shown in the figure, and they are in good agreement with the
experimental results.

Permeate concentration as afunction of time with different applied pressure
differentials and constant bulk concentration is shown in Fig. 6(a). As ultra-
filtration proceeds, the rgjected soluteis gradually accumulated near the mem-
brane, causing a decline due to the effect of hindrance as stated earlier in the
discussion of Fig. 1. Anincrease in pressure resultsin a higher permeate con-
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FIG.5 Variation of relative permeate flux (J/J,,) with time at different operating pressures and

constant bulk concentration [results obtained at 25°C, with D = 1.50788 X 10~ ° m?/s, R, =

1.00014 X 10" m™%, ¢ = 0.9615, and ¢, = 45 kg/m>. Simulated results; (1) 588.6 kPa, (2)

490.5 kPa, and (3) 392.4 kPa. Experimental points: (+) 588.6 kPa, (O) 490.5 kPa, and (X)
392.4 kPa].

centration. Because it is a macromolecule, the entangled shape of PEG-6000
is oriented in the direction of the pore at high pressure and may pass through
it. This gives a higher permeate concentration at a high pressure differential
because more PEG molecules pass through the pores of the membrane. For
nonmacromolecular solutes this effect may be opposite, thereby giving a
smaller permeate concentration at higher pressure differentials because there
Is more compaction of the accumulated solute layer. Variation of solute rejec-
tion asafunction of timefor the same data set isshown in Fig. 6(b). Rejection
Increases with time mainly because the permeate concentration decreases as a
function of timefor thereason stated earlier. Also, the membrane surface con-
centration increases with time as shown in Fig. 3 for adifferent data set. The
overal effect isanincrease of rejection with time. A decreasein rejection with
anincreasein pressureis also evident from Fig. 6(b). As AP increases, ¢, and
Cm both increase, as shown earlier. A decrease of permeate concentration has
been found to be dominant and so rejection increases with an increasein pres-
sure. Thisincrease is much more prominent at short timesthan it is after long
times.
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FIG. 6 (a) Plot of permeate concentration with time at different operating pressures and
constant bulk concentration [results obtained at 25°C, with D = 1.50788 X 10~ ° m?%/s, R, =
1.00014 X 10** m™%, ¢ = 0.9615, and ¢, = 45 kg/m3. Simulated results: (1) 588.6 kPa, (2)
490.5 kPa, and (3) 392.4 kPa. Experimental points: (+) 588.6 kPa, (O) 490.5 kPa, and (X) 392.4
kPa]. (b) Plot of rejection with time at different operating pressures and constant bulk
concentration [results obtained at 25°C, with D = 1.50788 X 10~ 1° m?%s, R,, = 1.00014 X 104
m~1, o = 0.9615, and ¢, = 45 kg/m°. Simulated results: (1) 588.6 kPa, (2) 490.5 kPa, and (3)
392.4 kP4].

CONCLUSION

A model based on an analytical solution of the governing boundary layer
partial differential equation with pseudosteady-state assumptions has been at-
tempted in this study. The concentration profile thus obtained has been cou-
pled with an osmotic pressure model and irreversible thermodynamicsto pre-
dict flux and rgjection at any instant under specified operating conditions for
ultrafiltration in an unstirred batch cell. The ssimulated results agree very well
with the experimental data.

SYMBOLS
A, B’ constants used in Eq. (9)
B dimensionless variable (= Jz/2D)
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C solute concentration (kg/mq)

Co bulk solute concentration (kg/m?3)

Cm solute concentration at membrane surface (kg/m?3)
Co solute concentration in the permeate (kg/m?)

D solute diffusivity (m?/s)

F parameter defined by Eq. (4)

J volumetric permeate flux (m3m?-s)

Jw pure water flux (m*m?-s)

M molecular weight (kg/kmol)

MWCO molecular weight cut off

P hydraulic pressure (Pa)
P solute permeability (m/s)
PEG polyethylene glycol
Q dimensionless variable (= J/2) Vt/D
R gas constant
R “real” rejection, 1 — cp/C
S dimensionless variable (= z/2 VD)
Rn membrane hydraulic resistance (m™?)
t time ()
T absolute temperature in Eq. (2)
V1, Vp specific volume of solvent and polymer
X, X1 parameters defined by Eq. (2)
z distance from the membrane surface (m)
Greek Letters
Y1, Y2 parameters defined by Eq. (2)
u viscosity (Pa-s)
T osmotic pressure (Pa)
Pp density of polymer (kg/mq)
o reflection coefficient (dimensionless)
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